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Optimal convergence a = p/d wrt dofs and cost
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Towards optimal complexity
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Optimal complexity of AFEM requires each of its modules to be realized in linear complexity:

® SOLVE is critical
® ESTIMATE v

® MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking) v/
® REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008) v/
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Model problem
Consider the non-symmetric linear elliptic PDE

—div(KVu*)+b-Vu ' +cu* = f—divf inQ withu* =0 ondQ

Weak formulation: search for u* € X := H}(f2) solution of

b(u™,v) = (f,v) 20y + (f, VV) p2(q) =t F(v) forallve X

Notation: a(v,w) = (K Vv,Vw)r2q |[v| = a(v,v)/?

b(v, w) = a(v,w) + (b- Vv, w)2q) + (cv,w)2(q) forallv,we X

Lax-Milgram framework —> well-posed problem

b(v,w)| < Cond [|v]| Jw]] and b(v,v) > Car|Jv])*> for all v,w € X
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FEM discretization S ONIVERSITE
Functional writing

8 7, simplicial mesh of 2 and p > 1 polynomial degree

® finite element space X7 := {ve € H}(Q) :ve|r €P,(T) VT €T} C X

® search for w; € X solution of

b(u;avf) = F(UZ) Yve € XZP

Discrete writing:
8 N, :=dim A7
® ©p1,...,p0nN, basis of X7
8 (Bo)jk =blper,0e;) (Ao =F(per) (Ad)jk = aloek,pe;)
® search for x; € R™*  solution of

By m}( =dy
Link:
Ny
up =y (7);00
j=1
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Preconditioner requirements:

8 symmetric and positive definite preconditioner P, ~ B’1

el po1 = (@, @) )2 = (P e, )y
® [inear complexity of applying P,
8 discrete-functional equivalence N
£
; loell < llzell o1 < Co floell for all ve = D ()i ey € XY
=1
Subspace correction via additive Schwarz:
h-robustness p-robustness
P% = |15 (A)) (Io)" + > Iy (D) NI |+ | DI, (AL )T (1p )T
— 0 =1 " ZEV, SN——
lowest-order lowest-order high-order
global solve local solves patch-wise solves

[ing) [ing) [mg)
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PGMRES with restart S SRRasHE
input: system matrix By, preconditioner Py, right-hand side dy, initial guess =), A : R™* — Roq, kpax > 1
initialize 70 == d¢ — Bex) 8) = Pery) o' = 7'[/||sl||P =r/(s0, P v =Pt k=-1
for each k = 0,312,005 kmax repeat (residual minimization loop)
w=Bw* w=Pw k< k+1 R+ |k/knol

(Arnoldi process loop)

wi=w — H ~'v7

= 1/2 .
H- ||w||P21 =(w, w)2/ y = arg min

k
FH1k T x max||Pf1e1 — Hz,”2

2€RE ””sl
xf = w4 2521 ijj rF=d, — Bgmf s = Pyry |sk ||P_1 = (r}, Sg>1/2

if k # kmax  then ol — =w/Hyp, ;. v =w/Hj,  ; else new basis from Ty
until  [[s} ]| p—1 < A(xf)
4
set k[{] =k

output: approximation :cfm

=

. o . k[¢
, restart index R , preconditioned residual norm ||sz[ ]||P71
4
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A posteriori estimator and solver contraction SB%FVBE%E‘#E

Proposition 1 (h- and p-robust reliability and efficiency of the a posteriori estimator)
Can Gy * llug — ugl| < |I8Ell p-1 = ¢ < Cona O llui — ug|

Proposition 2 (h- and p-robust contraction)

||3§+1||p;1 < Gaig ||3§||p;1 0 < galg(Chnd, Ceii, Cp) < 1

Note: result holds for any kmax > 1 = linear complexity
Challenge: contraction yes, but in preconditioner norm: == even if [Jvf || = [[vf]|
— typically [ls%1llp-1 # [Is] o1

[ing) [ing) [ing) [ing) (i) [
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AFEM with iterative solver S SRRasHE
input: initial mesh 7o, initial guess u§, adaptivity parameters 0 < @ < 1, Ay, Caig, S =0

for each £ =0,1,2,... repeat (mesh-refinement loop)

SOLVE & ESTIMATE (algebraic solver loop)

compute u% and ||s%||P_1 from u9 via PGMRES with A(x}) = Aujg ne(uf) for k < k[(]
¢ 7 0

ADAPTIVE PARAMETER CONTROL
® i S > Caig (me(u) + 85l p1) ™" then Coig = 2Cug  Auig ¢ Aaig/2

® S S+ (ne(ug) + Ispl o) "

MARK select quasi-minimal ~ M, C 7; such that 6 > m(T,uf)2 < 3 m(T,u%)2

REFINE 7.1 := refine(7¢, M,) ez SNy
0o ._ kK
Upq1 = Uy
A k - - k 3 3
output: approximations u;, and corresponding estimators ;" = ||s; || p—1, ¢ (uy)
4
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Reliability and linear convergence

A posteriori control for each approximation u}
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reliability
k k (discretization) k
* * * * * *
(v —ue)l] < N —uw)l] + [(ue — )] < ne(ug) +[l(ue —we)|
N——— ——
total Lo discretization algebraic discretization
error reliability error error estimator
(algebra) & x &
S one(ue) +sellp-1r = He
13 ~—~
Te/b:/ quasi-error
estigmator

Define the index set Q= {(¢, k) € N2: u’lf is computed by algorithm}
with ordering |4, k| .= #{(¢', k') € Q: u?,/ computed earlier than uif}

Definition (full R-linear convergence of the quasi-error)
k 1€,k =0 k| yk’
Hy < Ciin qiin' “UHp, Chin >0, 0 < qin <1
Contraction independently of the algorithmic step: mesh-refinement or algebraic iteration
Corollary (convergence of the total error)

o —ufll < HE Sal HE — 0 for  [6,k] — oo

lin
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Lemma (summability criteria and R-linear convergence) Let a; € R>q, £ € No, 3,7 > 0. Then (i)—(iii) are
pairwise equivalent:

(i) R-linear convergence:  a; < Chin qlfn_el ap forall0 </ </l 0< qin<1,Clin>1

(ii) tail summability: > a) <Cga) forallleNy Cs5>0
2 =0+1

-1
(iii) inverse summability: > a,” < Cya,” forall{eNy C,>0
=0

If (i)—(iii) hold for £ > ¢y € N, then they hold for all £ € Ng

Proposition (conditional tail summability in the levels) Let \* := min{1, C} Cei C, °}. If there exists /; € N
such that 0 < A\, < A*0Y/2 for all £ > /g, then

> Hp <CaiHf Cun>1
=041
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Unconditional full R-linear convergence

ADAPTIVE PARAMETER CONTROL: H?:nau®+wmﬂbzlwmpmxm
£—1
Bif S= 3 (HE)"1>Cp(HH™'  then Cug+2Cu;  Aug ¢ Aaig/2

£/'=0
® S S+ (HH!

= new a-posteriori-steered criterion algorithmically enforces the inverse summability criterion

Lemma (finitely many updates) The input parameters C.i; and \.i, are updated only finitely many times.

Theorem (unconditional full R-linear convergence of the quasi-error) Consider arbitrary 0 < 8 < 1, A > 0. Then

k L,k|—€ K| gk
Hy < Clin qlinl I=1€5K7 Hey, Chiin >0, 0<qin <1
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Full R-linear convergence implies rates = complexity

® R(a):= sup (#T0)*Hf < oo rate o wrt dofs is possible
(,k)eQ
a i/)\‘i(a) = sup ( Z #7}1) Hf < o0 rate o wrt costs/overall computational cost is possible
(Lk)EQ N /717
. ke
[¢/ k" [<]€ k|
Proposition
B Olin
R(a) < R() < — 2 9i(a)
(1 ~ Qin )

» Proof:  #Ty < iﬁ(a)i(H’g;)*é V(¢ k") € Q, summing and using the geometric series :

’ 1 ’ ot
— D #Te <R@)F D (HE) T < RO (DD qun (HTIOE) E)
(€' k"eQ ' kHeQ (¢',k"eQ
€ k' |<[ek] GRS €K< ],k
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Optimal complexity S SaNERSHE
We introduce the notion of approximation class :

|

lu|la, < oo <= wu* can be approximated with rate o wrt dofs

Theorem (optimal convergence wrt to overall computational cost)
Let a > 0 such that ||u*||la, < co. Suppose 0 <6 <1 and Ayg >0 sufficiently small

— el S swp (0 #70) HE S max {|lu .. HY)}

,k)eQ (@’,k')GQ
[,k <[,k

if u* can be approximated with rate o wrt dofs
then AFEM with optimal algebraic solver approximates u* with the rate o wrt cost.

=
=
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Adaptive approach with nested solvers

discrete problem
= with solution u}
is non-symmetric

discretization (()
: (FEM)

SPD system with

symmetrization (k) 4 solution uk*
‘

S (Picard) -
Ptive stopping . R —— is costly
R T computable
R algebraic solver (j) S approximation
. (MG/PCG) .
Ptive stopping [ ¢

— three nested loops: mesh-refinement (¢) — symmetrization (k) — algebra (5)

= each of the solvers (algebra and symmetrization) is contractive

[ing) [ing) [mng) [ing)
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Rate-optimality of AFEM
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Cost-optimality of AFEM S ONNERSITE
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Optimal

complexity of AFEM
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Parameter control
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PGMRES steps O INeashE
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PGMRES robustness

-
Q
3
&
=}
S
g
<
—
z
=}
=}
<o

0.65

p=2 —6— |

20 40 60 80 100

iteration k&

kmax =5

=
Q
-t
£
=
=}
=
Q
<
=
=
=
Q
<

0.9

0.85

0.8

QSCIENCES
b SORBONNE

UNIVERSITE

p=1 —o—
p=2 —o—
p= 3 ——
p= 4 —=—
1 1 1 1 1 1
0 50 100 150 200 250

iteration k

kmax =1

21/25



PGMRES restart and energy error study
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Take home messages S ORIVERSITE

a0 ®

|

analysis of AFEM for non-symmetric problems without nested solvers

linear complexity and optimality of the preconditioner is crucial

PGMRES contracts in preconditioned norm even with restart after each step

use nested iterations and termination of solver balancing the different error components
reliability via a posteriori error estimators is ensured at each algorithmic step

new adaptive control on parameters enforcing algorithmically full R-linear convergence

P gives contraction regardless of algorithmic step
P holds for arbitrary adaptivity parameters
P provides the equivalence rates = complexity

optimal complexity is ensured for sufficiently small parameters
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Selected contributions

] Miragi, Papez, Vohralik

A-posteriori-steered p-robust multigrid with optimal step-sizes and adaptive number of smoothing steps
SIAM J. Sci. Comput., 43, DOI: 10.1137/20M1349503 (2021)

@ Innerberger, Miragi, Praetorius, Streitberger

hp-robust multigrid solver on locally refined meshes for FEM discretizations of symmetric elliptic PDEs
ESAIM Math. Model. Numer. Anal., 58, DOI: 10.1051/m2an/2023104 (2024)

@ Bringmann, Miraci, Praetorius

Chapter Four - Iterative solvers in adaptive FEM: Adaptivity yields quasi-optimal

computational runtime

Advances in Applied Mechanics, Elsevier, 59, DOTI:
https://doi.org/10.1016/bs.aams.2024.08.002 (2024)

@ Fuhrer, Hilbert, Miraci, Praetorius

AFEM with optimally preconditioned GMRES vyields optimal complexity
(in preparation)
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