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What is it all about?



Example

Poisson equation: —Au*=1 on Q, u* =0 in 9Q (L-shaped domain)
= Find w* € H§(Q) solution of

(Vu* 5 V’U>L2(Q) = (1 5 ’U)LZ(Q) Yv € H&(Q)
Finite Element Method: choose mesh 7, and polynomial degree p > 1
= Find u} € &Y = {v, € H}(Q) :ve|r €P,(T) VT €T} solution of

(V’UIE, VU[>L2(Q) = <1, Ug>L2(Q) V'Ue € Xep

Option 1:  Uniform mesh Option 2:

dofs: 24833  error: 2.32e-02 dofs: 13197

Question: How to obtain such a choice of mesh?
—> AFEM: SOLVE - ESTIMATE - MARK — REFINE
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Graded mesh

error: 1.75e-03
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{7 Testmator n, T T estimator ¢f T T T TTT 2

1 ~ ~ 1

: discretization error solver er;or :

! ll(w* — up)l ) l(ug — uw)l 0

MODELING | —————— DISCRETIZATION(/) ——— SOLVER(k)
PDE . FEM (mesh Ty, polynomial degree p) .
urEX i uf ex? uf € XP :

solution u*

1. Reliability [|(u* —u®)|| < 0 +¢F
2. Convergence u’ —s u*
3. Optimal rates of convergence
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Optimal convergence @ = p/d wrt dofs and cost

error estimator 77¢
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@ Gantner, Haberl, Praetorius, Schimanko: Math. Comp., 90 (2021)
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Optimal complexity of AFEM requires each of its modules to be realized in linear complexity:
® SOLVE is critical
® ESTIMATE v
® MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking) v/
@ REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008) v/
4/23



UNIVERSITE

S SOR:BONENE

Optimal algebraic solver



¢
S SORBONNE

UNIVERSITE

Model problem and discretization

Consider the symmetric linear elliptic PDE
—div(AVu*)=f inQcR?* w* =0 ondQ
with weak formulation searching for u* € X := H{(f2) solution of
(AVU", V) 1200y = (f, V)12¢) YwEX

Lax-Milgram framework — well-posed problem

FEM discretization
8 7, simplicial mesh of  and p > 1 polynomial degree
® finite element space X} := {v, € Hy(Q) :ve|r €P,(T) VT €T} C X

® search for wu; € X7  solution of

(AVui, Vo) r2q) = (f ve) 2y Yo € X7
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A-posteriori-steered multigrid O NNERSHE
up~up u Tt =uf + dopo + Zﬁ:ﬂ Ag zzeVZV Pzt Ae EZEW pe.z

(ing) [ing) [mg)

V-cycle :
8 no pre- and one post-smoothing step

8 |owest-order coarse solve

8 |owest-order and local smoothing in intermediate levels : h-robustness
= Jacobi iteration

8 high-order and patch-wise smoothing on finest level: p-robustness
== additive Schwarz |/ block Jacobi with overlap

8 |evel-wise optimal steps in error correction
= line search :  argmin ||(u; — (v + Ap)||

NER

8 built-in a posteriori estimator

= ¢ = ollpoll® + ”21 Ao 3 lper NI 4 Ae E e, 2|12

zZ€E Vé
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Theorem (/- and p-robust contraction of the algebraic error)

I(ui = ug ™) < quig l(wi — w0 < qaig(d, A, To) < 1

Theorem (h- and p-robust reliability and efficiency of the a posteriori estimator)

¢ < Nwi —ub)ll and J(uf —wi)l < Cra & Craa = [2/(1 = g2ig)]/*

solver contraction <= reliability of the a posteriori estimator

Corollary (equivalence algebraic error — localized a posteriori estimator)

£—1
I(wi = wi)I* ~ (¢ = looll* + D Xer D~ Mo ll” + A Y lle.s I

=1 ZGVZ; zZEVy

[iig) [in)
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AFEM with iterative solver S sopmoune

input: initial mesh 7o, adaptivity parameters 0 < 6 <1, A\az >0

for each / =0,1,2,... repeat

(mesh-refinement loop)

SOLVE & ESTIMATE
fork=1,2,..., K, repeat
compute the new approximation uy ~ uj

(algebraic solver loop)

compute the estimators of algebraic error C}‘ and of discretization error ')]g('ul(‘f)
until  CF < \e(ub)

MARK select M, CT¢ suchthat 0 3 ne(T,uf)® < 3 ne(T,uf)?
REFINE 7741 := refine(T;, My) TETe TeMe

0o ._ K
Upt1 = Ug

output: approximations uX and corresponding estimators CZK,ng(uf)
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A posteriori control for each approximation ulg reliability
N & N N N & (discretization) N N & &
Iw" —u)l < " —uw)l] +  J(ue —ug)ll < ne(uz) +[l(ug —ug)ll = He
—_—— ——r ~~
total N discretization algebraic discretization quasi-error
error reliability error error estimator
(algebra) & &
Soome(u) + G
~—~
algebra
estimator

Define the index set Q= {({,k) € N2: u} is computed by algorithm}
with ordering |4, k| == #{(¢', k') € Q: u’g,' computed earlier than u¥}

Theorem (full R-linear convergence of the quasi-error) Consider arbitrary 0 < 8 < 1, Aaig > 0. Then
gt ot ’
H? < Clin (Innle’k‘ 1€k H?/, Ciin >0, 0 < quin < 1
Contraction independently of the algorithmic step: mesh-refinement or algebraic iteration

Corollary (convergence of the total error)
u* — uf < H'Z < q‘.wCI Hg — 0 for 4 k| — oo
~ ~ Hlin

9/23



Q
S SORBONNE

UNIVERSITE

Full R-linear convergence implies rates = complexity

® R(a):= sup (#T0)*Hf < oo rate a wrt dofs is possible
(,k)eQ
a i/)\‘i(a) = sup ( Z #7}1) HF < 0 rate o wrt costs/overall computational cost is possible
(Lk)EQ ™ /177
@ ke
[¢/ k" [< 1€,k
Proposition
B Olin
R(a) < F(a) < — 2 9i(a)
(1 ~ Qin )

» Proof:  #Ty < iﬁ(a)i(H’g;)*é V(¢ k") € Q, summing and using the geometric series :

’ 1 N
— D #Te <R(@)F D (HE) T < RO (DD qun(HTOE ) E)
(€' k"eQ ' kHeQ (¢',k"eQ
€ k' |<[ek] GRS €K< ],k
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Optimal complexity S SANVERSITE
We introduce the notion of approximation class :

|

lu|la, < oo <= wu* can be approximated with rate o wrt dofs

Theorem (optimal convergence wrt to overall computational cost)
Let a > 0 such that ||u*|la, < co. Suppose 0 <6 <1 et Ayz >0 sufficiently small

— el S swp (0 #70) HE S max {|lu .. HY)}

,k)eQ (@’,k')GQ
[,k <[ €,k

if u* can be approximated with rate o wrt dofs
then AFEM with algebraic solver approximates u* with the rate o wrt cost.

B
=
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Optimal complexity of AFEM

W[
1 2e6
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@ Kellogg: Appl. Anal., 4(1975)
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Optimality and robust contraction of the solver O INeashE

median cumulative runtime
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Importance of nested iterations

L-shaped domain:

number of solver iterations
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Adaptive approach with nested solvers

discrete problem

: discretization (¢) N . .
= with solution uj

1 FEM
( ) is non-linear
,,,,,,,,,,,,,,, N —
linearization (k) 4 SPDlsi/.stemk}ﬁlth
. i (Picard) solution u;
QG e "
Ptive stopping S 1S costly
N T computable
algebraic solver (j) B
= approximation
E— (MG/PCG) PPl

ad5ni-
Yaptive stopping ]

= three nested loops: mesh-refinement (¢) — linearization (k) — algebra (j)
—

each of the solvers (algebra and linearization) is contractive

(ing) [ing) [mg)
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Non-linear problem with energy

Scalar non-linearity
M(t—s) < pt®)t —u(s?)s < L(t—s) VY0<s<t
—div (u(|[Vu*|))Vu*) = f inQ, u"=0 ondQ
Weak formulation find u* € Hj(Q) such that
(Au*, ) = IV P) V', To)gagy = F(v) Vo € Hy(Q)
@ strongly monotone M||(u—)|* < (Au— Av, u —v)

® Lipschitz continuous  (Au — Av, w) < L||(u —v)] |w]|
— existence and uniqueness of the weak solution u* € Hg(Q)

Energy framework I
® Energy &E(v) = %/ / p(t) dtdz — F(v)
QJo

® Distance D?*(u,v) := E(v) — E(u) remark: D?(u*,v) = ||(u* — v)]|?

&

16/23



for each ¢ =0,1,2,... repeat

SOLVE & ESTIMATE
for k=1,2,..., K, repeat
for j=1,2,...,J, repeat
compute u}[“ ~ u{ * from the previous step u -1

compute the local indicators 7y (T, u/) forall T € 7,
until [algebra-criterion]

until D2 (up” b =) < A me(up?)?

MARK choose M, C7; suchthat 60 > n(T,u

REFINE 7741 := refine(T;, My) TETe
00 . K,J
Uphy = Up’

output: discrete solutions uf’J and corresponding estimators 7

SCIENCES

Adaptive FEM with nested iterative solvers S oo

input: initial mesh 7o, initial guess Uo , adaptivity parameters 0 < 6 < 1, Ajin > 0

(mesh-refinement loop)

(linearization loop)

(algebra loop)

SN2 T (T w0

TeM,

K,J
u, ")
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B8 the stopping criterion should guarantee that nested linearization-algebraic solver contracts in energy

D*(uf, up”) < geee D (uz,up 7)) 0 < gowr < 1

Equilibration criterion [HPSV21]
® stop algebraic solver if Mg — w7 "I < Nag [me(up?)? + D (up” uf? )]
® stop linearization if ]D)2(uf’ ,uf L J) < iin 7 (u KJ)

—> full R-linear convergence for arbitrary Ain but sufficiently small Aaig

Note: there exists Cryy > 0 st. Cog || (uf ™ —uf =572 < D2 (uf*, uf =57

Energy-based criterion [MPS24+]

® enforce algorithmically Iup? —uf 7?2 < DX, uf’"")  (parameter-free)
® stop linearization if D?(up”  up 7Y < N e (uy?)

— full R-linear convergence for arbitrary Ajin > 0

B
=

18/23



W\ SCIENCES

Optimality of AFEM with linearization : p > 1 S sorame

—div(Vu" +exp(—|Vu* [*)Vu*) =1 on Q, u =0 in 9Q

107 [T T T T T T 10! [T T
100 7 10 4
= 101 F J 5 10° é
: f . z ]
£ 102} E £ 100 E
7 E E ] 1
5 103 F ] 5 10- 4
g 10 g E g E
. F . |
1071 E E E
—5E ] —— p=2 ;
107 —— p=3 % |
=6 lesosssils sl 1076 bt
T T T R TY R TR 107! 10° 10!
dim X, total runtime [s]

@ Miragi, Praetorius, Streitberger: Math. Comp. accepted (2025)
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Optimality of AFEM with symmetrization : p > 1 Saamz#z

—Au*(z) +z-Vu () +u(z) =1 in Q, v (x)=0 on 9O
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@ Brunner, Innerberger, Miraci, Praetorius, Streitberger, Heid: IMA J. Numer. Anal., 44 (2024)
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Take home messages
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analysis of AFEM should focus rather on rates wrt. complexity/time than dofs

linear complexity and contraction of the iterative solver is crucial

use nested iterations and termination of solver balancing the different error components
reliability via a posteriori error estimators is ensured

full R-linear convergence

P gives contraction regardless of algorithmic step
P holds for arbitrary adaptivity parameters
P provides the equivalence rates = complexity

optimal complexity is ensured for sufficiently small parameters
every achievable convergence rate is produced by AFEM

setting of certain non-symmetric and non-linear problems fits within this adaptive framework
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Selected contributions

@ Miraci, Papez, Vohralik

A-posteriori-steered p-robust multigrid with optimal step-sizes and adaptive number of smoothing steps
SIAM J. Sci. Comput., 43, DOI: 10.1137/20M1349503 (2021)

@ Innerberger, Miraci, Praetorius, Streitberger

hp-robust multigrid solver on locally refined meshes for FEM discretizations of symmetric elliptic PDEs
ESAIM Math. Model. Numer. Anal., 58, DOI: 10.1051/m2an/2023104 (2024)

@ Miraci, Praetorius, Streitberger

Unconditional full linear convergence and optimal complexity of adaptive iteratively linearized FEM for
nonlinear PDEs

Math. Comp. accepted (2025)

@ Bringmann, Miraci, Praetorius

Chapter Four - Iterative solvers in adaptive FEM: Adaptivity yields quasi-optimal

computational runtime
Advances in Applied Mechanics, Elsevier, 59, DOT:
https://doi.org/10.1016/bs.aams.2024.08.002 (2024)
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solution u*
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