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3. Optimal rates of convergence

1/17



Optimal convergence a = p/d wrt dofs and cost
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Towards optimal complexity
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Optimal complexity of AFEM requires each of its modules to be realized in linear complexity:

® SOLVE is critical
® ESTIMATE v

® MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking) v/
® REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008) v/
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Adaptive approach with nested solvers

discrete problem
= with solution u}
is non-linear

discretization (()
: (FEM)

SPD system with
= solution u’;‘*

linearization (k)

e (Picard) -
Ptive stopping . R —— is costly
R T computable
R algebraic solver (j) S approximation
. (MG/PCG) .
Ptive stopping [ ¢

— three nested loops: mesh-refinement (¢) — linearization (k) — algebra (j)

= each of the solvers (algebra and linearization) is contractive

[ing) [ing) [mng) [ing)
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Non-linear problem with energy structure
Q C R% d e {1,2,3} a polyhedral Lipschitz domain  f € L?(Q) |- :=|V- l2()
Scalar non-linearity: M (t — s) < p(t*)t —p(s®)s < L(t—s) VY0<s<t
and 1/(t) <0 Vt>0
—div (p(\Vu*|2)Vu*) =f inQ, w =0 ondN

Weak formulation: find u* € H}(Q) s.t.

(Au*, v) = (u(|Vu*|?)Vu*, Vu)r2) = F(v) Yve H(Q)

@ strongly monotone Mlu—|* < (Au— Av, u —v)

® Lipschitz continuous  (Au — Av, w) < Lu — v [Jw]|
= existence and uniqueness of weak solution u* € H} ()

Energy setting

\Vv(ﬂc)l2
® energy functional / / t)dtdz — F(v)
® energy distance D?(u,v) := £(v) — E(u)  note: D (u*,v) = [Ju* — v
&
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Discrete problem, linearization, algebra S ORIVERSITE
® 7; asimplicial triangulation of @ and p=1 = X7 := {v,€ Hj(Q) :ve|r €P,(T) VT €Ts}

® seek wu; € X}  solution to

(Aup, ve) = (u(|Vu; ?)Vuj, Vue)r2iq) = F(ve) Vo € X7

® note that: D?(u},ve) ~ |lup — vel|> Voe € &Y

Idea: combine mesh-refinement (¢) with a linearization iteration (k) and algebraic solver (j) such that
ut ol a2 uy? Gk, j) € Q CNp
Katanov linearization: the iteration mapping ®,: X} — X} given as
(u(|Vue|*) V®e(ue) Vue) 2y = F(ve) forall  ug,ve € Xe

Parameter-free method

® contractive linearization: gf;, € (0,1) such that  D?(uj, ®¢(uy”)) < gfi D2 (uf, ul’) Vk € No

@ contractive algebra: gaig € (0,1) such that |||<I>e(u’z_1"]) — uf’jH < Galg |||<I>g(u’;_1’J) — u'Z’j_1|\| Vj € No

B
=
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for each ¢ =0,1,2,... repeat

SOLVE & ESTIMATE
for k=1,2,..., K, repeat
for j=1,2,...,J, repeat
compute ul[‘" ~ u{ * from the previous step u -1

compute the local indicators 7y (T, u/) forall T € T,
until [algebra-criterion]

until D (up” b =) < i me(up?)?

MARK choose M, C7; suchthat 60 > n(T,u

REFINE 77,1 := refine(T7, My) TETe
00 . K,J
Uphy = U’

output: discrete solutions uf’J and corresponding estimators 7

SCIENCES

Adaptive FEM with nested iterative solvers S s

input: initial mesh 7o, initial guess Uo , adaptivity parameters 0 < 6 <1, A, > 0

(mesh-refinement loop)

(linearization loop)

(algebra loop)

SN2 T (T uT)?

TeM,

K,J
u, ")
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Termination of algebraic solver |

B8 the stopping criterion should guarantee that nested linearization-algebraic solver contracts in energy

D*(u7,ug”) < geee DX (uf,up ") 0 < e < 1
Equilibration criterion [HPSV21]
® stop algebraic solver if b — w712 < Xarg [me(up”)? + D?(uf” up? ™))

@ stop linearization if D2 (uy” ,uf By < A e (ug?)
—> full R-linear convergence for arbitrary Ain but sufficiently small Aaig

Note: there exists Crpg > 0 st. Cogllup™ —ub ™72 < D (up ™, up ")

Energy-based criterion [MPS25]
® enforce algorithmically lup” —up? = < D2 (up”’ up’~')  (parameter-free)

8 stop linearization if ]D)2(uf’ ,uf BTy < Arin e (u KJ)
— full R-linear convergence for arbitrary Ajin > 0

B
=
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Termination of algebraic solver Il

Recall: there exists Cpg > 0 st. Copgllub™ —uy =57 ||> < D?(uf ™, uf ™)
Energy-based criterion [MPS25]

B8 |[nitialize threshold bounds amin= 100, Jmax= 1, and reduction factor p= 0.5

7 compute af? = DA(uf, uf )l — )

B |n each inner algebra loop, in addition to uf

. kg k-1, kg
Until  |u,” =u, ‘ or ‘azj > Otmin

or ‘alz’j >0 and j > Jmax

8 |f J[l,k] > Jmax, then update Jmax < J[¢, k] and &min < P Omin

Proposition (uniform bound on algebraic steps)
® There exists an index jo € N such that J[/, k] < jo for all (¢,k,0) € Q
® There exists 0 < Chy < Cpyg such that

Corg Juf? —uf 7572 < D?(uf”,ub="7)  for all (¢,k,0) € Q with k > 1.
Proposition (energy-contraction of inexact linearization)
There exists 0 < q"'tl'(Cnrg’ Galg, M, L) < 1 such that D2(u;7 uIZYJ) < Qotr D2(u27u§71“’)
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Reliability and linear convergence SE‘N’FJ’E‘%E‘#E

reliability

o =’ < Jlu” —uill + Jlui —w "l + Jlue” — w0 S me(ud) Hllug — g e — gl
—_——— —— \ ,
overall discretization linearization algebraic discretization
error error error error error estimator
staility k,j * k,x k,x k,j quasi-error HEo
Some(uy?) + llui —ug 4 fluy™ = ug | ‘
conti'active
solvers . . .
S ome(ud) + Dy ug )Y o g — |
linearization algebraic
error estimator error estimator

Define the index set Q= {(¢, k,j) € N3: u?’j is computed by algorithm}
with ordering |0, k, j| = #{(¢',K',j') € Q: uif// computed earlier than uéf
Definition (full R-linear convergence of the quasi-error)
k,j Lk, g|—|e" k"53| gk’
H[] Sclinqlinl Jl=| ]ng/] ’ Clin>07 0<qlin<1

Contraction independently of the algorithmic step: mesh-refinement, linearization, or algebraic iteration

Corollary (convergence of the total error)

bt =] S HET Sl MO 50 for 6k, j| — oo

lin
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Full R-linear convergence implies rates = complexity SSRFVBE%E‘#E

® R(a):= sup (#To)H7 < oo rate a wrt dofs is possible

(L,k,j)€eQ
a S)A%(a) := sup Z #T/) Hf’j < oo rate o wrt costs/overall computational cost is possible

(£,k,j)€EQ (E/,k:/,j/)EQ

1€,k 5" 1< 1€,k 5]
Proposition
& Chi
R(a) < R(a) < 71'1/&0{9%(@)
(1= )

» Proof: #7y < R(a & Hk/l’j, %V 0k, 3") € Q, summing and using the geometric series :
¢

i K —1 1~ Lk, j|—| K 5 kjy—1
= > #To <R(a)w Y (Hy7 )™= gm(a)aclgn( Y quin 1ORAITIERLTD ) (H T ) =5
(RN BISe) (' kHeQ (0K j)eQ
’ A < . / /Ay < . / VY S < .
[€' k5" |<|€,k, 3] [k 5" |<14,k, 5] [0, k"5 | <1k, 5]
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Optimal complexity S SAVERSITE
We introduce the notion of approximation class :

|

lu|la, < oo <= wu* can be approximated with rate o wrt dofs

Theorem (optimal convergence wrt to overall computational cost)
Let o > 0 such that ||[u*||a, < 00. Suppose 0 <6 <1 and A >0 sufficiently small

(e}
— Jwla. s s (S #Te) HE S max {Jlu*lla,, H)O}
(Z,k,j)GQ (f’,k‘/,j,)GQ

' k" ,5" |< 10k,

if u* can be approximated with rate o wrt dofs
then AFEM with optimal nested solvers approximates u* with the rate o wrt cost.

=
=
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Numerical experiments



Optimality of AILFEM

Test case: L-shaped domain and coefficient pu(t) = 1 4 exp(—t)

Parameters:

estimator m(uf’J)
— —
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Parameter-less algebraic stopping criterion N S
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Other iteration alternatives: linearization

0=0.5 Ain =0.7 N: Newton (damped § =1/2) K: Katanov Z: Zarantonello (damped § = 1/6)
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Take home messages

analysis of adaptive algorithms should focus rather on rates wrt. complexity/time than dofs

linear complexity and contraction of the iterative solvers is crucial

nested iterations and new parameter-free algebraic stopping criterion enforcing norm-energy equivalence
@ reliability via a posteriori error estimators is ensured

@ full R-linear convergence

1 diseretl [ discrete problem with
| discretize (1) (FEM) TS‘"“”"" -

P holds for arbitrary adaptivity parameters
P gives contraction regardless of algorithmic step E— L ﬁneavixewwm[ii?i%‘fi"'ﬁ?‘p‘lﬁ,”“"]
P provides the equivalence rates = complexity )

T actly (j) (MG/PCG) L

@ optimal complexity is ensured for sufficiently small parameters

16/17



W SCIENCES

Thank you for your attention! SB%FJ’&E‘#E

@ Miragi, Praetorius, Streitberger
Unconditional full linear convergence and optimal complexity of adaptive iteratively linearized FEM for
nonlinear PDEs

Math. Comp. in print, DOI: https://doi.org/10.1090/mcom/4135 (2025)

@ Bringmann, Feischl, Miraci, Praetorius, Streitberger

On full linear convergence and optimal complexity of adaptive FEM with inexact solver
Comput. Math. Appl., 180, DOI: 10.1016/j.camwa.2024.12.013 (2025)

] Innerberger, Miragi, Praetorius, Streitberger

hp-robust multigrid solver on locally refined meshes for FEM discretizations of
symmetric elliptic PDEs

ESAIM Math. Model. Numer. Anal., 58, DOI: 10.1051/m2an/2023104 (2024)



https://doi.org/https://doi.org/10.1090/mcom/4135
https://doi.org/10.1016/j.camwa.2024.12.013
https://doi.org/10.1051/m2an/2023104
https://miraci.fr/wp-content/uploads/2026/07/miraci_focm_16jul26.pdf

	Adaptive iteratively linearized FEM
	Main results
	Numerical experiments

	pbs@ARFix@1: 
	pbs@ARFix@16: 
	pbs@ARFix@23: 
	pbs@ARFix@26: 
	pbs@ARFix@27: 
	pbs@ARFix@32: 
	pbs@ARFix@36: 
	pbs@ARFix@42: 
	pbs@ARFix@48: 
	pbs@ARFix@53: 
	pbs@ARFix@63: 
	pbs@ARFix@64: 
	pbs@ARFix@71: 
	pbs@ARFix@77: 
	pbs@ARFix@80: 
	pbs@ARFix@81: 
	pbs@ARFix@82: 
	pbs@ARFix@83: 
	pbs@ARFix@84: 
	pbs@ARFix@90: 
	pbs@ARFix@91: 


